In the weak field expansion of euclidean quantum gravity, an analysis of the Wilson loops in terms of the gauge group, SO(4), shows that the correspondent statistical system does not develope any configuration with localized curvature at low temperature. Such a "non-local" behavior contrasts strongly with that of usual gauge fields. We point out a possible relation between this result and those of the numerical simulations of quantum Regge Calculus. We also give a general quantum formula for the static potential energy of the gravitational interaction of two masses, which is compatible with the mentioned vacuum structure. * This work is supported in part by funds provided by the U.S. Department of Energy (D.O.E.) under contract #DE-AC02-76ER03069.
In the familiar quantum gauge theories, employed to describe strong and electroweak interactions, the Wilson loops W (C) = Tr P exp
are the most relevant and physically meaningful invariants. It is known that in the euclidean theory the static potential energy U (L) of two sources of the gauge field is related to a loop of temporal size T and spatial size L ≪ T by the formula
In the strong coupling limit this expression leads to the confining potential U (L) = kL, while in the weak coupling limit one easily recovers the Coulomb potential U (L) = −e 2 /L.
It may thus be interesting to test the behaviour of W in perturbative quantum gravity. As we shall see, although quantum gravity is not a full gauge theory in the usual sense, the loops are geometrically well defined and contain useful information about the structure of the vacuum state.
The field which enters the loops in this case is the Christoffel connection Γ α µβ , or the spin connection Γ a µb [1] . By definition, the (classical) loop W(C) is the trace of the matrix U(C) which performs the parallel transport of vectors along a closed curve C
The "holonomic" and "anholonomic" components of U are given respectively by
and
It can easily be shown [2] that W(C) is invariant with respect to coordinates transformation and also, as a functional of Γ a µb , with respect to local Lorentz transformations of the vierbein.
We recall that Einstein's gravity, written in the vierbein formalism, is a gauge theory of the Lorentz group (i.e., the action is invariant under local Lorentz transformations of the vierbein), but not of the whole Poincaré group ISO(3, 1). A complete gauge formulation can be obtained only introducing some auxiliary fields q a [3] . So it is not possible to consider in (3+1) dimensions, like in (2+1)-gravity [4] , the holonomies of the Lie-algebra-valued connection
where P a and ω ab are the generators of translations and of the Lorentz transformations.
The geometrical meaning of W(C) in euclidean quantum gravity is the following. During the parallel transport of a vector V , its length, given by
does not change. If we transport V along a closed curve C, returning to the starting point, we obtain another vector V ′ , which has the same length of V , and differs from it only in the orientation. Hence we have for any vector and any curve
or, in matrix notation
The matrix U belongs then to
and it is known [5] that for weak fields its trace has the form
where θ 1 and θ 2 are the two independent angles which describe the SO(4) rotation of V .
Let us now evaluate perturbatively the quantum average of W(C). Following the usual approach, we decompose the metric g µν (x) as
and we interpret δ µν as a classical background, while κh µν (x) is regarded as a small quantized perturbation.
The Einstein-Hilbert lagrangian is then splitted into a quadratic part and into interaction vertices; the first two vertices, respectively proportional to κ and κ 2 , connect 3 and 4 fields h. Let us denote by W (n) the n-th term in the expansion of the P-exponential defining W . The leading contribution to W , of orderhκ 2 , is given by
with one bare propagator, namely
The following two contributions to W , of orderh 2 κ 4 , are given by the term W (4) with two bare propagators and by the term W (3) with three propagators and one κ-vertex. Finally, the three contributions of orderh 3 κ 6 are given by the term W (6) with three propagators, by the term W (4) with four propagators and one κ 2 -vertex and by the term W (2) with the radiatively corrected propagator.
What is remarkable, and quite easily shown [6] , is that the leading term (12), of orderh, vanishes in Einstein's theory. As a matter of fact, it can be proved [2] that this vanishing does not strictly depend on the dynamical content of Einstein's action, but is only due to the symmetries of the propagator, to the Poincaré invariance of the background and to the absence of a dimensional coupling (apart from the overall factor κ −2 ) in the action.
In particular, these properties are maintained in theories of euclidean quantum gravity with an "improved" analytic continuation procedure [8] .
From the geometrical point of view, the vanishing of W to orderh means that, in the same approximation,
If the variance of the angles θ 1 and θ 2 is zero, the angles themselves have to vanish identically in any configuration, that is
This is a very strong geometrical statement, as it implies that, still to orderh, all the weak field configurations which effectively enter the functional integral
have no curvature. In other words, the curved configurations -which possibly dominate in other regimes -are in this approximation totally suppressed.
This unexpected situation should be compared with what happens, for instance, in a ordinary SO(N ) gauge theory. In this case we have
and the perturbative computation shows that the leading term W (2) does not vanish. So the matrices of the parallel transport in the "internal" gauge manifold, considered configuration by configuration, are not equal to the identity matrix. Interpretingh as the temperature Θ of an equivalent statistical system, we see that when Θ grows from zero to some small value -such that we may disregard Θ 2 or higher orders -the Yang-Mills fields develop "localized excitations", i.e. regions of various sizes where the Yang-Mills curvature is not vanishing. All this does not happen for the gravitational field, which, to say so, does not "boil", but remains essentially in a flat state.
This picture also explains the fact [7] that to leading order in G all the invariant correlation functions of the Riemann curvature are vanishing: this is a natural consequence of the absence of localized excitations.
Moreover, it is very interesting to make a comparison with the results, in the same regime of small G, of the Montecarlo simulations of discretized quantum gravity. The classical simulations of Hamber [9] , based on Regge Calculus, show that there is a transition, in the phase space of quantum gravity, between a "smooth"
phase (for large values of G) and a "rough" phase (for small values of G). The nature of the transition, the critical indices and the possibility of a continuum limit have been investigated too. The rough phase is believed to be physically unacceptable, since in this phase the simplices, which are the basis of the spacetime lattice, are collapsed and the fractal dimension is much less than four.
Our results give a possible justification of this phenomenon. In fact, the absence of localized curvature for continuum quantum gravity in the weak coupling limit suggests that the quantum Regge Calculus, which is a discretization scheme based on the curvature, is not really a description of lattice quantum gravity in this limit.
It can also be shown [2] that the introduction of a small external source in the functional integral (15), breaking the Poincaré invariance of the background, gives rise in general to a non vanishing contribution to the loop proportional toh. In this case we may have excitations with localized curvature, but they are very small, since their variance is proportional to κ 3 instead of κ 2 (they are in fact originated by the non-linear interaction of gravitons).
The vanishing of W to leading order in gravity raises the problem of finding another invariant expectation value of the quantized field which gives the static potential energy between two masses. This problem has a well defined solution indeed [11] . One starts from the following known formula of euclidean field theory
where φ is a quantum field and J is a classical source coupled to φ, which is switched off outside the interval
. E represents the energy of the ground state of the system. We shall only show here how this formula works in the case of a weak gravitational field on a flat background. Replacing φ with the gravitational field, S 0 with Einstein's action and J with two particles of masses m 1 , m 2 , following the trajectories
we find (for a weak field)
It is easy to verify that to leading perturbative order this gives the correct result
The geometrical content of eq. (19) and of the general expression for E [11] is compatible with the absence of localized excitations. In fact, the interaction energy arises because there is a difference in the expectation value of the total proper time measured along the trajectories (18) of the two particles and along that of their center of mass. Such a "non-localized" feature of the interaction energy is also in agreement with the known fact that it is impossible in General Relativity to localize covariantly the energy of the gravitational field.
Eq. (19), like the corresponding ones in QED or QCD, has the physically appealing feature of showing how the force between the sources ultimately arises from the exchange of massless bosons. However, let us make a closer comparison with electrodynamics. In that case the analogue of the functional integral which appears in the logarithm of (19) has the form [10] exp e
(The two charges have been chosen to be opposite: q 1 = e, q 2 = −e.) Reversing the direction of integration in the second integral and closing the contour at infinity, one is able to show that the quantity (19) coincides with the Wilson loop of a single charge g, thus giving a gauge invariant expression for the potential energy.
In gravity this is not possible: we may imagine that an expression like (19) could be obtained in the firstorder formalism (with A 0 replaced by the tetrad e 0 0 ), but the masses necessarily have the same sign, so the loop cannot be closed.
In conclusion, we believe that the above results, due to their generality (within the approximation we considered) give a new insight into some physical properties of the quantized gravitational field at energies which are small with respect to the Planck scale. These properties are true either if we regard quantum gravity as a (not yet established) fundamental theory, or as an effective quantum field theory which has General Relativity as its classical limit and goes to some more fundamental theory at very short distances. 
